ABSTRACT. Let E C C be closed, w be a suitable weight function on E, a be a positive Borel measure on E. We discuss the conditions on w and a which ensure the existence of a fixed compact subset K of E with the following property. For any p, 0 < p _< oo, there exist positive constants cl, c2 depending only on E, w, a and p such that for every integer n > 1 and every polynomial P of degree at most n,
real line. In particular, one has to include the arc-length measure on sufficiently smooth curves as well as the area measure on domains and their combinations.
In this paper, we define one such class of 'natural' measures and then extend the results of [4] to the complex domain. Our results will demonstrate the importance of Christoffel functions in this theory. In turn, we estimate these Christoffel functions when the measure under consideration satisfies certain density conditions. We also describe certain applications to the theory of extremal polynomials in the complex plane.
In Section 2, we develop the necessary technical background including some of the definitions. The main results and applications will be described in Section 3. The proofs of the new results will be given in Section 4.
PREPARATORY INFORMATION.
We say that a function w" C --, [0, c) is admiaible (or an admissible weight function) if each of the following conditions (Wl), (W2), (W3) holds. (W1) w is upper semi-continuous. {W2) The set E0(w)"= {z "w(z) > 0} has nonzero capacity.
(W3) If E0(w) is unbounded, then Izw(z)l --, 0 as Izl oo, z E Eo(w).
Here and throughout this paper, the term 'capacity' means the inner logarithmic capacity (cf. [13] , p.55). For any set A C_ C, its capacity will be denoted by cap(A). A property is said to hold quasi-everywhere (q.e.) on a set A if the subset of A where it does not hold is of capacity zero. Let (c) The set S := S(w, E) := supp(l) is a compact subset of E0(w) q E, and cap(S) > 0. Moreover, Q is bounded from above on S. 3. MAIN RESULTS.
Let E C_ (3 be closed, w be an admissible weight function on E, and a be a fixed positive Borel measure defined on E. We shall assume that w is continuous on E and [zw(z)]" E L"(a, E) for every r, 0 < r < oz. We also continue the notation described in Section 2.
In the sequel, we assume the notation and conditions of Theorem 2. Let E C C be closed, w be an admissible weight function on E and a be a natural measure on E in the sense of Definition 3.. Further suppose that w is continuous as a function on E and w x is also admissible on E for each A (0,1]. Let 0 < p, r < oo, and S* be as defined in (.13). Then, for any e > O, there exists a bounded Borel set A := A(p, r, e, w, E, a) C_ E with a( A < e and positive constants c c2 depending only upon p, r, e, w, E, a, such that for any integer n > 1 and anl polynomial P tin, Ilw"ell,,E\(S.,) <_ exp(-c2n)llw"Pll,.,,,s.,a. In particular, each of he L(a, E) norms of the w-weighted polynomials lives on S*. Moreover, if K is any compact set, 0 < q < oo is a fixed number and the Lq(a, E) norm [5] and [11] can then be used to show that ,,lirnoo e,,-/"(w, E) =: cheb(w, E) exp(-F), (3.13) where the constant F := F(w,E) is definined in (2.6 Let E, w and a be as in Theorem ;.;, 0 < p < oo. Then lim e,/"(w,E,p,a) cheb(w,E), (3.14) Tn(w, E,p, a) and g is any compactly supported continous function on E, harmonic in the two dimensional interior of E, then More general theorems similar to those in [6] with the sup norm replaced by the L r norxns can also be proved, but we omit these details in the interest of brevity. It is very ey to s that even in the simple ce when E {z .Izl 1}, w x on and a is the area meure, the hypothesis that 9 be harmonic in the interior of E cannot be dropped. The equation (3.13) is in fact, an equation for the balayages of the limiting meures for the zeros and the equilibrium meure . We do not wish to elaborate on this further here.
The interested reader may refer to [6] . 4 . PROOFS.
The prf of Theorem 3.3 will be given in several stages. The first stage is to estimate the Christoffel functions associated with the weights w2"da (cf. (4.1) for a definition.) Next, we shall use these estimates to prove a Nikolskii-type inequality to compare different norms of a polynomial. This inequality will be used to prove that the norxns actually live on a fixed compact set. This set will then be pruned to the desired set. We begin this progr by recalling certain facts about the Christoffel functions. We note that in (4.8) , the integer n appears several times. This notation will be consistently used. Thus, for instance, if k > 1 is another integer, then
IIw"(z)h:(w"da, E,z)ll < M,.
PROOF OF LEMMA 4.3. Without loss of generality, we may assume that E C supp(w). Also, it is obvious that we need to define M, only for large value of n. For ti > 0, set w(ti) sup{IQ(z)-Q(t)l z e E,t e S',I 1 <-}. Since w is continuous on E and bounded from below by a positive constant on the compact set S*, it is easy to see that w(6) 0 as ti --0+. Let din be the sequence defined by Lemma 4.2 for the compact set S* and n be large enough so that w(tirt) < oo. Let z E ,9* and P EII,. Then > wZn(z)[P(z)l exp(-2n(n))An(a,n,z) (4.11) where A,(a, 6,,z)is defined in (3.4) . Let M, (n 4-1)exp(2nw(6,))llA(a, 6 It is now simple to see that the estimate (4.14) can be extendend to 0 < p,r <_ oo, (4.25) where N,, is a sequence of positive numbers with lim,,_oo N/" 1. If we now use (4.24) with r in place of p, and take (4.25) into account, then it is easy to prove (3.7). To prove the second part of Theorem 3.3, let e > 0 be arbitrary. We find a bounded Borel set A
